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GAP THEOREM ON KA¨HLER MANIFOLD WITH NONNEGATIVE
ORTHOGONAL BISECTIONAL CURVATURE
LEI NI AND YANYAN NIU
Abstract. In this paper we prove a gap theorem for Ka¨hler manifolds with nonnegative
orthogonal bisectional curvature and nonnegative Ricci curvature, which generalizes an
earlier result of the first author. We also prove a Liouville theorem for plurisubharmonic
functions on such a manifolds, which generalizes a previous result of L.-F. Tam and the
first author.
1. Introduction
In [12], the following result was proved.
Theorem 1.1. Let (Mn, g) be a complete noncompact Ka¨hler manifold with nonnegative
bisectional curvature. Then M is flat if for some o ∈M ,
1
Vo(r)
∫
Bo(r)
S(y)dµ(y) = o(r−2), (1.1)
where Vo(r) is the volume of Bo(r) and S(y) is the scalar curvature.
A result of this type was originated by Mok-Siu-Yau in [9], where it was proved that M is
isometric to Cm under much stronger assumptions that (Mm, g) (withm ≥ 2) is of maximum
volume growth (meaning that Vo(r) ≥ δr2m for some δ > 0) and S(x) decays pointwisely as
r(x)−2−ǫ for some ǫ > 0. A Riemannian version of this result in [9] was proved by Greene-
Wu [6] shortly afterwards (see also [5] for related results). In [10], Theorem 5.1, with a
parabolic method introduced on solving the so-called Poincare´-Lelong equation, the result
of [9] was improved to the cases covering manifolds of more general volume growth. Since
then there are several further works aiming to prove the optimal result. See for example
[14], [3]. In particular the Ricci flow method was applied in one of these papers. In [15],
using a Liouville theorem concerning the plurisubharmonic functions on a complete Ka¨hler
manifold, and the solution of Poincare´-Lelong equation obtained therein, Theorem 1.1 was
proved with an additional exponential growth assumption on the integral of the square of
the scalar curvature over geodesic balls, which was removed in [12] using a different method.
The approach of [12] toward Theorem 1.1 is via the asymptotic behavior of the optimal
solution obtained by evolving a (1, 1)-form with the initial data being the Ricci form through
the heat flow of the Hodge-Laplacian operator. The key component of the proof is the
monotonicity obtained in [11] (see also [13]), which makes the use of the nonnegativity of
the bisectional curvature crucially. On the other hand, in [17], the authors proved that the
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method of deforming a (1, 1)-form via the Hodge-Laplacian heat equation and studying the
asymptotic behavior of the solution can be applied to solve the Poincare´-Lelong equation
and obtain an optimal solution for it. Namely the following result was proved.
Theorem 1.2. Let (Mn, g) be a complete noncompact Ka¨hler manifold with nonnegative
Ricci curvature and nonnegative quadratic orthogonal bisectional curvature. Suppose that ρ
is a smooth closed real (1, 1)-form on M and let f = ‖ρ‖ be the norm of ρ. Suppose that∫ ∞
0
kf (r)dr <∞, (1.2)
where
kf (r) =
1
Vo(r)
∫
Bo(r)
|f |dµ,
for some fixed point o ∈ M . Then there is a smooth function u so that ρ = √−1∂∂¯u.
Moreover, for any 0 < ǫ < 1, u satisfies
α1r
∫ ∞
2r
k‖ρ‖(s)ds+ β1
∫ 2r
0
sk‖ρ‖(s)ds ≥ u(x)
≥ β3
∫ 2r
0
sk‖ρ‖(s)ds− α2r
∫ ∞
2r
k‖ρ‖(s)ds− β2
∫ ǫr
0
sk‖ρ‖(s)ds (1.3)
for some positive constants α1(n), α2(n, ǫ) and βi(n), 1 ≤ i ≤ 3, where r = r(x).
Recall that a Ka¨hler manifold (Mn, g) is said to have nonnegative quadratic orthogonal
bisectional curvature (NQOB for short) if, at any point x ∈ M and any unitary frame
{ei},
∑
i,j Ri¯ijj¯(ai − aj)2 ≥ 0 for all real numbers ai. (Mn, g) is said to have nonnegative
orthogonal bisectional curvature (NOB for short) if for any orthogonal (1, 0) vector fields
X,Y , R(X, X¯, Y, Y¯ ) ≥ 0. The example constructed in [7] shows that the curvature condition
(NOB) is stronger than (NQOB). On the other hand, examples constructed in this paper
show that the (NOB) is weaker than the nonnegativity of the bisectional curvature.
A natural question is whether or not the gap theorem remains true under the assumption
of Theorem 1.2, or less ambitiously under the nonnegativity of the orthogonal bisectional
curvature, and the nonnegativity of the Ricci curvature.
Related to the gap theorem, a Liouville type theorem was proved in [15] for plurisubhar-
monic functions.
Theorem 1.3. Let M be a complete noncompact Ka¨hler manifold with nonnegative holo-
morphic bisectional curvature. Let u be a continuous plurisubharmonic function on M .
Suppose that
lim
x→∞
u(x)
log r(x)
= 0. (1.4)
Then u must be constant.
Very recently, using a partial maximum principle the same Liouville result was proved [8]
for complete Ka¨hler manifolds with nonnegative holomorphic sectional curvature. On the
other hand, there exists an algebraic curvature ([20]) which has positive holomorphic sec-
tional curvature, positive orthogonal bisectional curvature (hence positive Ricci curvature),
but with negative bisectional curvature for some pair of vectors. This indicate that the
(NOB) condition is in a sense independent to the nonnegativity of the holomorphic sec-
tional curvature. Generalizing the Liouville theorem to manifolds with (NOB) becomes an
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interesting itself. Note that the solution constructed in Theorem 1.2 above for ρ being the
Ricci form satisfies the estimate (1.4) if the scalar curvature satisfies the assumption (1.1).
In fact, the assumption (1.1) implies that r
∫∞
2r k‖ρ‖(s)ds = o(1),
∫ 2r
0 sk‖ρ‖(s)ds = o(log r).
Hence to obtain the gap theorem under the weaker assumptions of nonnegative orthogonal
bisectional curvature and nonnegative Ricci curvature one only needs to prove the above
Liouville theorem for the manifolds with these weaker assumptions.
The main purpose of this paper is to prove Theorem 1.1 and Theorem 1.3 under the
weaker assumptions of nonnegative orthogonal bisectional curvature and nonnegative Ricci
curvature. In fact the following more general result is proved.
Theorem 1.4. Let (M, g) be a complete Ka¨hler manifold with nonnegative orthogonal bisec-
tional curvature and nonnegative Ricci curvature. Assume that ρ ≥ 0 is a smooth d-closed
(1, 1)-form. Suppose that ∫ r
0
s
∫
Bo(s)
‖ρ‖(y) dµ(y) ds = o(log r) (1.5)
for some o ∈M . Then ρ ≡ 0.
Note that there exists an algebraic curvature ([20]) which has positive holomorphic sec-
tional curvature, positive orthogonal bisectional curvature (hence positive Ricci curvature),
but with negative bisectional curvature for some pair of vectors. Hence the Liouville type
result can be viewed complementary to the case of [8]. In the last part we show that the per-
turbation technique of Huang-Tam [7] based on the unitary construction of Wu-Zheng [21]
can be adapted to construct examples of complete Ka¨hler metrics with unitary symmetry
such that its curvature has (NOB), but not nonnegative bisectional curvature.
2. Proof of the Liouville and the gap theorems
In [15], the authors proved a Liouville type theorem for plurisubharmonic functions on a
Ka¨hler manifold with nonnegative holomorpihc bisectional curvature. A key ingredient of
the proof is a maximum principle for Hemitian symmetric tensor satisfying the Lichnerowicz
heat equation. In fact, the same results still holds on a Ka¨hler manifold with the weaker
conditions of (NOB) and nonnegativity of the Ricci curvature. We first recall the maximum
princple for Hermitian symmetric tensor η(x, t) satisfying the Lichnerowicz heat equation(
∂
∂t
−∆
)
ηαβ¯ = Rαβ¯γδ¯ηδγ¯ −
1
2
(
Rαp¯ηpβ¯ +Rpβ¯ηαp¯
)
. (2.1)
Theorem 2.1. Let (Mn, g) be a complete noncompact Ka¨hler manifold with nonnegative
holomorhphic orthogonal bisectional curvature and nonnegative Ricci curvature. Let η(x, t)
be a Hermitian symmetric (1, 1) tensor satisfying (2.1) on M × [0, T ] with 0 < T < 140a such
that ‖η‖ satisfies ∫
M
‖η‖(x, 0) exp(−ar2(x))dx < +∞, (2.2)
and
lim inf
r→∞
∫ T
0
∫
Bo(r)
‖η‖2(x, t) exp(−ar2(x))dxdt < +∞. (2.3)
Suppose at t = 0, ηαβ¯ ≥ −bgαβ¯ for some constant b ≥ 0. Then there exists 0 < T0 < T
depending only on T and a so that the following are ture:
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(i) ηαβ¯(x, t) ≥ −bgαβ¯(x) for all (x, t) ∈M × [0, T0].
(ii) For any T0 > t
′ ≥ 0, suppose there is a point x′ in Mn and there exist constants ν > 0
and R > 0 such that the sum of the first k eigenvalues λ1, · · · , λk of ηαβ¯ satisfies
λ1 + · · ·+ λk ≥ −kb+ νkφx′,R
for all x at time t′, where φ : [0,∞) → [0, 1] is a smooth cut-off function such that φ ≡ 1
on [0, 1] and φ ≡ 0 on [2,∞), φx′,R(x) = φ(d(x,x
′)
R
), the eigenvalues of η are of accending
order. Then for all t > t′ and for all x ∈M , the sum of the first k eigenvalues of ηαβ¯(x, t)
satisfies
λ1 + · · ·+ λk ≥ −kb+ νkfx′,R(x, t− t′),
where fx′,R is the solution of (
∂
∂t
−∆)f = −f with initial value φx′,R(x).
Proof. The proof is to observe that the argument of Theorem 2.1 in [15] only requires
the nonnegativity of the orthogonal bisectional curvature and nonnegativity of the Ricci
curvature. For the sake of the completeness we include some details of the argument here
and pay special attention on the places where the nonnegativity of the orthogonal bisectional
curvature is needed. By (2.1), one has
(
∂
∂t
−∆)‖η‖2 = −‖ηαβ¯s‖2 − ‖ηαβ¯s¯‖2 + 2Rαβ¯pq¯ηqp¯ηβα¯ − 2Rαp¯ηpβ¯ηβα¯
≤ −‖ηαβ¯s‖2 − ‖ηαβ¯s¯‖2, (2.4)
where we choose {eα} so that ηαβ¯ = λαδαβ¯ . Thus
2Rαβ¯pq¯ηqp¯ηβα¯ − 2Rαp¯ηpβ¯ηβα¯ = 2
(∑
Rαα¯ββ¯λαλβ −
∑
α
Rαα¯λ
2
α
)
= −
∑
α,γ
Rαα¯ββ¯(λα − λβ)2 ≤ 0,
provided that (M, g) has nonnegative quadratic orthogonal bisectional curvature (which is
a weaker condition than nonnegativity of the orthogonal bisectional curvature).
Combining with the inequality
2|∇‖η‖2| ≤ ‖ηαβ¯s‖2 + ‖ηαβ¯s¯‖2
it implies (as in [15]) that
(
∂
∂t
−∆)‖η‖ ≤ 0.
With Lemma 1.2 in [15] which holds on the manifold with nonnegative Ricci curvature and
(2.2), then
h(x, t) =
∫
M
H(x, y, t)‖η‖(y)dy
is a solution to the heat equation on M × [0, 140a ] with intial value ‖η‖(x). With the
assumption (2.3) and Theorem 1.2 proved in [16], there exists 0 < T0 < T such that
‖η‖(x, t) ≤ h(x, t) on M × [0, T0].
For any r2 > r1, let Ao(r1, r2) denote the annulus Bo(r2) \Bo(r1). For any R > 0, let σR
be the cut-off function which is 1 on Ao(
R
4 , 4R) and 0 outside Ao(
R
8 , 8R). We define
hR(x, t) =
∫
M
H(x, y, t)σR(y)‖η‖(y, 0)dy.
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Then hR satisfies the heat equation with initial value σR‖η‖. Moreover, Lemma 2.2 in [15]
holds when Ricci curvature is nonnegative. That is, there exists 0 < T0 < T depending only
on a such that
(1) there exists a function τ = τ(r) > 0 with limr→∞ τ(r) = 0 such that for all R ≥
max{√T0, 1} and for all (x, t) ∈ Ao(R2 , 2R)× [0, T0],
h(x, t) ≤ hR(x, t) + τ(R).
(2) For any r > 0,
lim
R→∞
sup
Bo(r)×[0,T0]
hR = 0.
By Lemma 1.2 and Corollary 1.1 in [15], we can find a solution φ(x, t), ( ∂
∂t
−∆)φ = φ such
that φ(x, t) ≥ exp(c(r2(x) + 1)) for some c > 0 for all 0 ≤ t ≤ T .
As in [15] we only need to prove (ii) by assuming (i) since the proof of (i) is similar, but
easier. Without the loss of generality, we assume that t′ = 0 and there exist x′ ∈ M, ν > 0
and R0 > 0 such that the first k eigenvalues λ1, · · · , λk of ηαβ¯ satisfy
λ1 + · · ·+ λk ≥ −kb+ νkφx′,R0
for all x in M at time t = 0. For simplicity, we assume that ν = 1.
Let ǫ > 0, for any R > 0, define ψ(x, t, ǫ, R) = −fx′,R0(x, t)+ ǫφ(x, t)+ hR(x, t)+ τ(R)+ b
and let (ηR)αβ¯ = ηαβ¯+ψgαβ¯. Then at t = 0, at each point the sum of the first k eigenvalues
of ηR is positive. We want to prove that for any T0 ≥ t > 0 and R > 0, the sum of the first
k eigenvalues of ηR in Bo(R)× [0, T0] is positive, provided R is large enough.
Then one can argue by contradiction similarly as in the proof of Theorem 2.1 in [15]. The
only attention to pay is the proof of (2.14) in [15]. That is, if η has eigenvectors vp =
∂
∂zp
for 1 ≤ p ≤ n with eigenvalue λp,
k∑
α,β=1
[Rδγ¯αβ¯(ηγδ¯ + ψgγδ¯)−
1
2
Rαp¯(ηpβ¯ + ψgpβ¯)
−1
2
Rpβ¯(ηαp¯ + ψgαp¯)g
αβ¯]
=
k∑
α=1
n∑
γ=1
Rγγ¯αα¯λγ −
k∑
α=1
Rαα¯λα
=
k∑
α=1
n∑
γ=1
Rγγ¯αα¯λγ −
k∑
α=1
n∑
γ=1
Rγγ¯αα¯λα
=
k∑
α=1
n∑
γ=k+1
Rγγ¯αα¯λγ −
k∑
α=1
n∑
γ=k+1
Rγγ¯αα¯λα
=
k∑
α=1
n∑
γ=k+1
Rγγ¯αα¯(λγ − λα)
≥ 0
where we only used the fact that M has nonnegative orthogonal bisectional curvature and
λγ ≥ λα for γ ≥ α.
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The rest of the proof is the same as that of Theorem 2.1 in [15]. 
The next observation is that one still has the following corollary, as Corollary 2.1 in [15],
under the weaker condition (NOB).
Corollary 2.2. Let M and η be as in the Theorem 2.1 with b = 0. That is, η(x, 0) ≥ 0 for
all x ∈M . Let T0 be such that the conclusions of the theorem are true. For 0 < t < T0, let
K(x, t) = {w ∈ T 1,0x (M)| ηαβ¯(x, t)wα = 0, for all β}
be the null space of ηαβ¯. Then there exists 0 < T1 < T0 such that for any 0 < t < T1, K(x, t)
is a smooth distribution on M .
Proposition 2.1. Let η(x, t) be a Hermitian symmetric tensor satisfying (2.1). Assume
that η(x, t) ≥ 0 on M×(0, T ) andM has nonnegative orthogonal bisectional curvature. Then
K(x, t) is invariant under parallel translation. In particular, if M is simply-connected, there
is a splitting M = M1 × M2 with η being zero on M1 and positive on M2, and Mi has
nonnegative orthogonal bisectional curvature.
One can modify the original argument in [15] for this slightly more general result. On
the other hand the strong maximum principle of Bony adapted by Brendle-Schoen [2] (cf.
Bony [1]) can be applied to obtain this result. In this case one formulates everything on
the principle U(n)-bundle. For any unitary frame e = {ei}ni=1 define u(e) = η(e1, e1¯). Let Y˜
be the horizontal lifting of the vector field ∂
∂t
on M × (0, T ). At e, let X˜i be the horizontal
lifting of ei. Similar computation as in [2] yields that that(
Y˜ −
∑
X˜iX˜i
)
u =
∑
s≥2
R11¯ss¯(ηss¯ − η11¯) ≥ −Ku,
where K is a local constant depending only on M . Here we have used that R11¯ss¯ηss¯ ≥ 0 for
s ≥ 2. This is enough to conclude that K(x, t) is invariant under the parallel translation. In
fact the following slight general version of Bony’s strong maximum principle holds.
Theorem 2.3 (Bony, Brendle-Schoen). Let Ω be an open subset of Rn. Let {Xi}mi=1 be
smooth vector fields on Ω. Assume that u : Ω → R is a nonnegative smooth function
satisfying
m∑
i=1
(D2u)(Xi, Xi) ≤ −Kmin{0, inf|ξ|=1(D
2u)(ξ, ξ)}+K|∇u|+Ku,
with K be a positive constant. Let Z = {x |u(x) = 0} be the zero set. Let γ(s) : [0, 1]→ Ω
be a smooth curve such that γ(0) ∈ Z and γ′(s) =∑ ai(s)Xi(γ(s)) with ai(s) being smooth
functions. Then γ(s) ∈ Z for all s ∈ [0, 1].
Since K(x, t) is invariant under the parallel translation and clearly it is a clear subspace,
the decomposition follows from the De Rham decomposition theorem.
Proof of Theorem 1.3 under (NOB) and the nonnegativity of the Ricci curvature. The
proof is similar to that of Theorem 3.2 in [15].
Without loss of generality, we may assume that M is simply connected (by lifting the
function to the universal cover, the growth condition clearly is preserved). For any fixed
constant c, we let uc = max{u, c}. It is well-known that uc is plurisubharmonic and uc
satisfies
|uc(x)| ≤ C exp(ar2(x)), (2.5)
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for some constant C > 0 and a > 0. By adding a constant, we can also assume that uc ≥ 0.
Then uc is a nonnegative continuous plurisubharmonic function satisfying (2.5). Now we
consider the heat equation {
( ∂
∂t
−∆)vc(x, t) = 0,
vc(x, 0) = uc(x).
Then the above Dirichlet boundary problem has a solution vc(x, t) onM × [0, 140a ], obtained
in Lemma 1.2 in [15] which holds on the manifold with nonnegative Ricci curvature.
Since Theorem 2.1 and Corollary 2.2 (and Proposition 2.1) hold on the manifold with
(NOB) and nonnegative Ricci curvature, one can go through the proof of Theorem 3.1 in
[15], to see that there exists 0 < T0 < T such that vc(x, t) is a smooth plursubharmonic
function on M × (0, T0]. Moreover there exists 0 < T1 < T0, such that the null space of
(vc)αβ¯(x, t)
K(x, t) = {w ∈ T 1,0x (M)|(vc)αβ¯wα = 0, for all β}
is a distribution on M for any 0 < t < T1. Moreover, the distribution is invariant under
parallel translation. Then by Proposition 2.1, for any t0 > 0 small enough, M = M1 ×M2
isometrically and holomorphically such that when restricted on M1, (vc)αβ¯ is zero, and
(vc)αβ¯ is positive everywhere when restricted on M2 by the De Rham decomposition. We
want to conclude that M2 factor does not exist. By Corollary 1.1 in [15], we have
lim sup
x→∞
vc(x, t0)
log r(x)
= 0. (2.6)
Hence when restricted on M2 (if the factor exists), (2.6) still holds. This contradicts with
the fact that (vc)αβ¯ is positive when restriced on M2, since by Propostion 4.1 of [10], which
asserts that if a plurisubharmonic function p(x) on a Ka¨hler manifold with nonnegative Ricci
curvature satisfies the growth condition (2.6), then (∂∂¯p)n = 0, where n is the complex-
dimension of the manifold. Hence (vc)kl¯(x, t0) ≡ 0 on M for all t0 small enough. By the
gradient estimate of Cheng-Yau [4] and (2.6), we can conclude that vc(x, t0) is a constant,
provided t0 is small enough. Hence uc is a constant. Since c is arbitrary, it shows that u(x)
is also a constant.
Proof of Theorem 1.1 under the assumptions of (NOB) and nonnegativity of the Ricci
curvature. Let ρ be the Ricci form, which is a smooth nonnnegative closed real (1, 1)-form
on M . It is easy to check that for any y ∈M ,
‖ρ‖(y) ≤ S(y) ≤ √n‖ρ‖(y).
Then
k‖ρ‖(r) = o(r
−2) (2.7)
and (1.2) follows when (1.1) holds for some fixed point o ∈M . Since the curvature condition
(NOB) is stronger than (NQOB), Theorem 1.2 still holds with the assumptions of (NOB)
and nonnegativity of the Ricci curvature. Moreover, the solution u to the Poincare´-Lelong
equation ρ =
√−1∂∂¯u is a plurisubharmonic function and (1.3) holds. In fact, (1.3) implies
that
lim
x→∞
u(x)
log r(x)
= 0 (2.8)
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since (2.7) implies that∫ ∞
2r
k‖ρ‖(s)ds = o(r−1),
∫ 2r
0
sk‖ρ‖(s)ds = o(log r), and
∫ ǫr
0
sk‖ρ‖(s)ds = o(log r).
By the generalization of the Liuoville theorem proved above, we conclude that u must be
constant. This implies that Ric ≡ 0. For any unitary frame {eα}nα=1, (NOB) implies that
for any α 6= β, by considering e˜α = 12 (eα − eβ), e˜β = 12 (eα − eβ),
R(e˜α, ¯˜eα, e˜β, ¯˜eβ) ≥ 0,
which is equivalent to that
Rαα¯αα¯ + Rββ¯ββ¯ −Rαβ¯αβ¯ −Rβα¯βα¯ ≥ 0. (2.9)
If we replace eβ by
√−1eβ in e˜α, and e˜β ,
Rαα¯αα¯ + Rββ¯ββ¯ +Rαβ¯αβ¯ +Rβα¯βα¯ ≥ 0. (2.10)
By summing (2.9) and (2.10), we obtain the following inequality
Rαα¯αα¯ +Rββ¯ββ¯ ≥ 0.
But
Rαα¯ββ¯ ≥ 0,
Rαα¯ = Rαα¯αα¯ +
∑
γ 6=α
Rαα¯γγ¯ = 0,
Rββ¯ = Rββ¯ββ¯ +
∑
γ 6=β
Rββ¯γγ¯ = 0,
Then Rαα¯αα¯ = 0 for any α, which implies that M is flat and the generalization of Theorem
1.1 follows.
Proof of Theorem 1.4. By Theorem 1.2, Theorem 1.3, it suffices to establish the estimate:
r
∫ ∞
2r
k‖ρ‖(s) ds = o(log r). (2.11)
From (1.5), we know
∫ r
1
2
r
sk‖ρ‖(s)ds = o(log r). For any 12r ≤ s ≤ r, by volume comparison,
2−2nk‖ρ‖(
r
2
) ≤ V ol(Bo(
r
2 ))
V ol(Bo(r))
k‖ρ‖(
2
r
)
≤ k‖ρ‖(s) =
1
V ol(Bo(s))
∫
Bo(s)
‖ρ‖(y)dµ(y)
≤ V ol(Bo(r))
V ol(Bo(
r
2 ))
k‖ρ‖(r) ≤ 22nk‖ρ‖(r).
From this and
∫ r
r
2
sk‖ρ‖(s)ds = o(log r), we derive
k‖ρ‖(r) = o
(
log r
r2
)
.
This implies (2.11), for
lim
r→∞
∫∞
2r
k‖ρ‖(s)ds
r−1 log r
= 2 lim
r→∞
r2k‖ρ‖(2r)
log r − 1 = 0.
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3. Examples
In [21], Wu and Zheng considered the U(n)-invariant Ka¨hler metrics on Cn and obtained
necessary and sufficient conditions for the nonnegativity of the curvature operator, nonneg-
ativity of the sectional curvature, as well as the nonnegativity of the bisectional curvature
respectively. In [22], Yang and Zheng later proved that the necessary and sufficient condi-
tion in [21] for the nonnegativity of the sectional curvature holds for the nonnegativity of
the complex sectional curvature under the unitary symmetry. In [7], the authors obtained
the necessary and sufficient conditions for (NOB) and (NQOB) respectively. Moreover they
constructed a U(n)-invariant Ka¨hler metric on Cn, which is of (NQOB), but does not have
(NOB) nor nonnegativity of the Ricci curvature. In this section, we will construct a U(n)-
invariant Ka¨hler metric on Cn which has (NOB) but does not have nonnegative bisectional
curvature. The existence of such metric was pointed out in Remark 4.1 of [7], and the
construction below is a modification of the perturbation construction therein.
We follow the same notations as in [21, 22]. Let (z1, · · · , zn) be the standard coordinate
on Cn and r = |z|2. A U(n)-invariant metric on Cn has the Ka¨hler form
ω =
√−1
2
∂∂¯P (r) (3.1)
where P ∈ C∞ ([0,+∞)). Under the local coordinates, the metric has the components:
gij¯ = f(r)δij + f
′(r)z¯izj. (3.2)
We further denote:
f(r) = P ′(r), h(r) = (rf)′. (3.3)
It is easy to check that ω will give a complete Ka¨hler metric on Cn if and only if
f > 0, h > 0,
∫ ∞
0
√
h√
r
dr = +∞. (3.4)
If h > 0, then ξ = − rh′
h
is a smooth function on [0,∞) with ξ(0) = 0. On the other hand, if
ξ is a smooth function on [0,∞) with ξ(0) = 0, one can define h(r) = exp(− ∫ r0 ξ(s)s ds) and
f(r) = 1
r
∫ r
0
h(s) ds with h(0) = 1. It is easy to see that ξ(r) = − rh′
h
. Then (3.2) defines a
U(n)-invariant Ka¨hler metric on Cn.
The components of the curvature operator of a U(n)-invariant Ka¨hler metric under the
orthonormal frame {e1 = 1√
h
∂z1 , e2 =
1√
f
∂z2 , · · · , en = 1√f ∂zn} at (z1, 0, · · · , 0) are given
as follows, see [21]:
A = R11¯11¯ = −
1
h
(
rh′
h
)′
=
ξ′
h
; (3.5)
B = R11¯i¯i =
f ′
f2
− h
′
hf
=
1
(rf)2
[
rh− (1− ξ)
∫ r
0
h(s) ds
]
, i ≥ 2; (3.6)
C = Ri¯ii¯i = 2Ri¯ijj¯ = −
2f ′
f2
=
2
(rf)2
(∫ r
0
h(s) ds− rh
)
, i 6= j, i, j ≥ 2. (3.7)
The other components of the curvature tensor are zero, except those obtained by the sym-
metric properties of curvature tensor.
The following result was proved in [21], which plays an important role in the construction.
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Theorem 3.1 (Wu-Zheng). (1) If 0 < ξ < 1 on (0,∞), then g is complete.
(2) g is complete and has positive bisectional curvature if and only if ξ′ > 0 and 0 < ξ < 1
on (0,∞), where ξ′ > 0 is equivalent to A > 0, B > 0 and C > 0.
(3) Every complete U(n)-invariant Ka¨hler metric on Cn with positive bisectional curvature
is given by a smooth function ξ in (2).
Using the above notations and formulations, in [7], the authors proved the following theo-
rem.
Theorem 3.2 (Huang-Tam). An U(n)-invariant Ka¨hler metric on Cn has nononegative
orthogonal bisectional curvature if and only if A+ C ≥ 0, B ≥ 0 and C ≥ 0.
Let ξ be a smooth function on [0,∞) with ξ(0) = 0, ξ′(r) > 0 and 0 < ξ(r) < 1 for
0 < r < ∞. Let a = limr→∞ ξ(r). Then 0 < a ≤ 1. By the above this gives a complete
U(n)-invariant metric on Cn with positive bisectional curvature. The strategy of [7] is to
perturb this metric by adding a perturbation term to ξ to obtain the one with needed
property. In particular, [7], produces metric with (NQOB), but does not satisfy (NOB)
nor nonnegativity of the Ricci curvature. For that [7] first obtained the following estimates
[7, 21] (cf. Lemma 4.1 of [7]).
Lemma 3.1. Let ξ be as above with limr→∞ ξ = a (∈ (0, 1)). We have the following:
(1) For r > 0,
(
rh− (1− ξ) ∫ r
0
h
)′
> 0, and
lim
r→∞
∫ r
0
h =∞, lim
r→∞
h = 0, lim
r→∞
rh∫ r
0 h
= 1− a.
(2) For any ǫ > 0, and for any r0 > 0, there is R > r0 such that
ξ′(R)− ǫh(R)C(R) < 0.
(3) limr→∞ h(r)C(r) = 0.
(4) For all ǫ > 0, there exists δ > 0 such that if R ≥ 3, δ ≥ η ≥ 0 is a smooth function
with support in [R− 1, R+ 1], then for all r ≥ 0,
h(r) ≤ h¯(r) ≤ (1 + ǫ)h(r), and
∫ r
0
h ≤
∫ r
0
h¯ ≤ (1 + ǫ)
∫ r
0
h,
where h¯(r) = exp(− ∫ r
0
ξ¯
t
dt) and ξ¯ = ξ − η.
Let φ be a cutoff function on R as in [7] such that
(i) 0 ≤ φ ≤ c0 with c0 being an absolute constant;
(ii) supp(φ) ⊂ [−1, 1];
(iii) φ′(0) = 1 and |φ′| ≤ 1.
The construction is to perturb ξ into ξ¯(r) = ξ(r) − αh(R)C(R)φ(r − R) for suitable
choice of R, α. Note that this only changes the value of ξ on a compact set. Once h¯ is
defined, equations (3.5)–(3.7) define the corresponding curvature components A¯, B¯, C¯ of the
perturbed metric.
Theorem 3.3. There is 1 > α > 0 such that for any r0 > 0 there is R > r0 satisfying the
following: If ξ¯(r) = ξ(r)−αh(R)C(R)φ(r−R), then ξ¯ determines a complete U(n)-invariant
Ka¨hler metric on Cn such that
GAP THEOREM 11
(1) A¯(R) < 0;
(2) A¯+ C¯ > 0 on [R− 1, R+ 1];
(3) B¯(r) > 0 for all r; and
(4) C¯(r) > 0 for all r.
Then ξ¯ will give a compete U(n)-invariant Ka¨hler metric which satisfies (NOB) but does
not have nonnegative bisectional curvature.
Proof. Let β = αh(R)C(R). Let ǫ > 0 and R ≥ 3 to be chosen later. Then by Lemma 3.1
(3), there is a > δ > 0 independent of R such that ξ¯(r) = ξ(r)− βφ(r −R) with β > 0 and
βc0 < δ, then ξ¯ determines a complete U(n)-invariant Ka¨hler metric on C
n such that for all
r
h(r) ≤ h¯(r) ≤ (1 + ǫ)h(r),
∫ r
0
h ≤
∫ r
0
h¯ ≤ (1 + ǫ)
∫ r
0
h. (3.8)
Hence ξ¯, h¯, f¯ will define a complete unitary symmetric Ka¨hler metric on Cn. Assuming
(1)-(4) in the theorem, (1) implies that the metric does not have nonnegative holomorphic
sectional curvature (hence can not have non-negative bisectional curvature). The equation
(3.5) together with (4) implies that (2) is sufficient to conclude that A¯ + C¯ > 0 for all r.
Hence by Theorem 3.2 the perturbed metric has (NOB).
By Lemma 3.1 (2), there is R large enough, such that
ξ¯′(R) = ξ′(R)− β ≤ (ǫ − α)h(R)C(R).
Hence for (1), it suffices to choose α > ǫ.
By the formula (3.7) and the proof of Lemma 4.2 in [7], we may choose a large r1 so that
if R > r1 and for r ∈ [R− 1, R+ 1],
C¯(r) ≥ 2
(1 + ǫ)2
∫ R
0
h
(a− 2ǫ+ aǫ− ǫ2)
provided a − 2ǫ + aǫ − ǫ2 > 0. We choose ǫ > 0 so that it satisfies this condition. On the
other hand,
C(R) ≤ 2∫ R
0
h
(a+ ǫ)
if r1 is large enough depending only on ǫ and R > r1. Hence, if ǫ and r1 satisfy the above
conditions, then for r ∈ [R− 1, R+ 1],
C¯(r) ≥ a− 2ǫ+ aǫ − ǫ
2
(a+ ǫ)(1 + ǫ)2
C(R).
Therefore, if ǫ > 0 satisfies a > ǫ and a − 2ǫ + aǫ − ǫ2 > 0, then we can find r1 > r0 such
that if R > r1, then for r ∈ [R− 1, R+ 1],
A¯(r) + C¯(r) ≥ ξ
′(r) − β
h¯
+ C¯(r)
≥ −β¯h(r) +
a− 2ǫ+ aǫ− ǫ2
(a+ ǫ)(1 + ǫ)2
C(R) (3.9)
≥ − β
(1− ǫ)h(R) +
a− 2ǫ+ aǫ− ǫ2
(a+ ǫ)(1 + ǫ)2
C(R)
=
1
(1 − ǫ)h(R) [−β + (1− ǫ)
a− 2ǫ+ aǫ− ǫ2
(a+ ǫ)(1 + ǫ)2
h(R)C(R)].
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We can choose α with 0 < ǫ < α < 1, which is a fixed constant depending only on ǫ, a and
n such that
ǫ < α < (1− ǫ)a− 2ǫ+ aǫ − ǫ
2
(a+ ǫ)(1 + ǫ)2
Then A¯(r) + C¯(r) > 0 on [R− 1, R+ 1]. To achieve all the requirement above we can pick
ǫ sufficiently small, a = 12 and ǫ < α < 1. Hence (1) and (2) follows.
To prove (3), we can appeal Lemma 4.3 (1) of [7], for r1 is large enough and R > r1. In
fact by the formula (3.7) and Lemma 3.1 it can be seen that
lim
r→∞C(r)
∫ r
0
h = 2
(
1− rh∫ r
0 h
)
= 2a (3.10)
which implies that β(r) = αC(r)h(r) satisfies that β(r)
∫ r
0
h → 0 as r → ∞. On the other
hand, for any ǫ1 > 0, there exists δ1 > 0 such that if αc0 ≤ 2δ1 and R sufficiently large the
conclusion in (4) of Lemma 3.1 holds with ǫ replaced with ǫ1 > 0. The computation in the
proof of Lemma 4.3 shows that
(rf¯)2B¯(r) = rh¯− (1− ξ¯(r))
∫ r
0
h¯ =
∫ r
0
(ξ¯(r) − ξ¯(t))h¯(t) dt. (3.11)
Using ξ′ > 0 and h′ < 0 the above gives
(rf¯ )2B¯(r) ≥
∫ r
0
(ξ(r) − ξ(t))h(t) dt − 2δ1(1 + ǫ1)h(R − 1)− c0β(R)
∫ R
0
h(t).
Using the second part of (3.11) again we have that∫ r
0
(ξ(r) − ξ(t))h(t) dt = rh(r) − (1− ξ(r))
∫ r
0
h(t) dt ≥ η > 0
for some η by Lemma 3.1 part (1). This shows that B¯(r) > 0 if R ≥ r1 for some r1 large.
Since h¯′ = − h¯ξ¯
r
< 0 when r > 0, then
∫ r
0 h¯ ≥ h¯r when r > 0, which implies that (4)
satisfies, by the formula (3.6). This provides a simplification of the proof of Lemma 4.3 part
(ii) in of [7]. 
The computation of [7] also implies the following result.
Theorem 3.4. A U(n)-invariant Ka¨hler metric on Cn has nononegative orthogonal bisec-
tional curvature and nonnegative Ricci curvature if and only if A+C ≥ 0,A+(n−1)B ≥ 0,
B ≥ 0 and C ≥ 0.
In fact, algebraically one can construct a curvature of (NOB) and nonnegative Ricci curva-
ture but does not have nonnegative holomorphic bisectional curvature. By Theorem 3.4, to
construct an example of unitary symmetry as the above with (NOB) and nonnegative Ricci
curvature, but not nonnegative bisectional curvature it suffices to find a positive smooth
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function on [0,∞) with ξ : (0,∞)→ (0, 1), ξ(0) = 0 which satisfies ξ′ < 0 somewhere, but
B ≥ 0 ⇐⇒ rh− (1− ξ)
∫ r
0
hds ≥ 0;
C ≥ 0 ⇐⇒
∫ r
0
h(s) ds− rh(r) ≥ 0;
A+ C ≥ 0 ⇐⇒ ξ′ + 2h
(rf)2
(∫ r
0
h(s)ds− rh(r)
)
≥ 0;
A+ (n− 1)B ≥ 0 ⇐⇒ ξ′ + (n− 1)h
(rf)2
(
rh− (1− ξ)
∫ r
0
h(s) ds
)
≥ 0.
Note that the second condition always holds as long as ξ > 0. We are not completely sure
if a similar construction would yield a such metric.
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